Backscattering-immune chiral modes arise along certain line defects in three-dimensional materials. In this paper, we study Floquet chiral modes along Floquet topological defects, namely, the defects come entirely from spatial modulations of periodic driving. We define a precise topological invariant that counts the number of Floquet chiral modes, which is expressed as an integral on a five-dimensional torus parameterized by (k x , k y , k z , θ, t). This work demonstrates the possibility of creating chiral modes in three-dimensional bulk materials by modulated driving. We hope that it will stimulate further studies of Floquet topological defects.
Chiral edge states [1] [2] [3] are hallmarks of quantum (anomalous) Hall effects [4] [5] [6] [7] . The number of chiral edge modes is determined by the first Chern number [8] [9] [10] of the occupied bands of the two-dimensional(2D) systems, which is a best example of bulk-boundary correspondence in topological phases [11] [12] [13] [14] [15] [16] . Due to complete absence of backscattering channel, transport by chiral modes is dissipationless (as exemplified by the vanishing longitudinal resistivity [4] ), which is potentially important in future low-power electronics.
Time-dependent external fields, such as monochromatic lasers, offer highly controllable and tunable tools for creating topological band structures, enlarging the experimental frontiers of topological materials. Recently, considerable progresses have been made, both theoretically [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] and experimentally [37] [38] [39] [40] [41] , in understanding periodically driven (Floquet) systems, particularly in connection with topological phases . Remarkably, chiral edge state can exist even if the first Chern number of every bulk band vanishes [48, 50, [63] [64] [65] . This phenomenon is closely related to the absence of band bottom, which is a distinctive feature of Floquet systems [50] .
Interestingly, certain line defects in 3D crystals also host chiral modes [66] [67] [68] [69] [70] [71] [72] [73] , which are protected by the second Chern number [74] [75] [76] . Experimental realization is lacking so far, because it is challenging to create and manipulate line defect in a controllable manner, therefore, it is worthwhile to study Floquet defects, which can be created by spatial modulation of the driving field [77] , without the need of preexisting static defect. The Floquet chiral channels have the advantages that they can be opened or closed, and their spatial locations can readily be tuned, by external driving. Several intriguing questions arise in this direction. How to determine the number of Floquet chiral modes? How to create them? In this paper, we construct a topological invariant expressed in terms of the evolution operator (inspired by Refs. [50, 51] ). It is defined as an integral on the 5D torus parameterized by (k x , k y , k z , θ, t) [Eq. (4) ], combining three types of coordinates: momentum, space, time. We then construct a concrete lattice model, showing that appropriate modulations indeed generate Floquet chiral modes, in agreement with the prediction from topological invariant.
Topological invariant.-We will define a topological invari- ant that counts the number of Floquet chiral modes along a line defect. Let us take the cylindrical coordinates (r, θ, z) with the defect located along r = 0, so that the Hamiltonian varies with θ. The topological information can be read from the regions distant from the defect. Sufficiently far away from the defect, the spatial variation of Hamiltonian is slow, which allows us to define the crystal momentum k = (k x , k y , k z ) [74] . The Bloch Hamiltonian H(k, θ, t) is an s × s matrix (s is the number of bands), which is periodic in time: H(k, θ, t) = H(k, θ, t + T ), with T = 2π/ω. We can define the time evolution operator
, where T denotes time ordering. The full-period evolution U(k, θ, T ) can be diagonalized as
and an effective Hamiltonian H eff ε can be defined:
where ln ε is the logarithm with branch cut at e −iεT , namely log e −iεT +i0 + = log e −iεT +i0
are known as quasienergies. Now we construct a periodic version of U [50, 51] :
which satisfies U ε (k, θ, T ) = I = U ε (k, θ, 0). This property enables us to define the integer topological invariant
where the integrating range is [0, T ] × [0, 2π] × BZ (BZ=Brillouin zone), µ, ν, ρ, σ, τ = k x , k y , k z , θ, t, and ǫ µνρστ = ±1 is the Levi-Civita symbol. Given the evolution operator in the 5D parameter space (k x , k y , k z , θ, t), Eq.(4) seems to be the only natural topological invariant. The normalization factor in Eq.(4) ensures that W is integer-valued [78] [79] [80] [81] . As a test, we can show [82] that W reduces in static systems to the second Chern number [74, 75] , which is known to count the number of chiral modes along static defects [74, 76] .
Given two quasienergy gaps 0 ≤ ε < ε ′ < ω, the difference in the branch cut of logarithm causes
One can define the second Chern number in this subspace,
This projection-operator expression is equivalent to the Berry-curvature expression [75] . From the observation U −1
therefore, the Chern number measures the difference between the numbers of chiral modes above and below the band, which, due to the absence of band-bottom, cannot fully determine the number of chiral modes in each gap.
Model.-Eq.(4) provides clues to model design. For instance, if U matrix is 2 × 2 (namely two-band), then W = 0; thus we consider four-band models. Before investigating spatially modulated driving, we study the homogeneous system first. The Hamiltonian reads
where the first part H 0 describes a Dirac semimetal:
in which σ x,y,z and τ x,y,z are Pauli matrices (σ 0 = τ 0 = I), m(k) = B 0 − B 1 i=x,y,z cos k i − B 2 i j cos k i cos k j , with parameters t x,y,z = B 1 = 1, B 2 = 0.1, B 0 = 3.6. Near the Dirac point (0, 0, 0), with α to be specified shortly. Eq.(7) can be written compactly as
Physically, we can regard σ z = ±1 as spin states, and τ z = ±1 as two orbitals. Suppose that τ z = ±1 orbitals have adjacent orbital-angular-momentum quantum numbers, say m z = 0, 1, respectively, then H d (t) describes the electric-dipole coupling to an alternating electric field in the (cos α, sin α, 0) direction, therefore, H d (t) can be provided by a linearlypolarized laser beam with frequency ω.
We shall calculate the quasienergy bands ε n (k) in frequency domain. Employing the Fourier expansion [42, 44, 50] ,
in which
The Floquet Hamiltonian in Eq. (9) is an infinite-rank matrix:
The spectrum of Eq. (10) is mathematically equivalent to the Wannier-Stark ladder [83] , whose eigenstates are localized in m, namely, each eigenfunction decays as exp(−|m − m 0 |ω/Λ) for a certain m 0 (Λ is the system's typical energy scale). Therefore, we can truncate
(k), which contains N × N blocks, H 0 being the central block. As long as N ≫ Λ/ω, the truncation errors for eigenfunctions not close to the upper and lower truncation edges (approximately at ±Nω/2) are exponentially small and thus negligible.
In our model, H ±1 = Dσ 0 ⊗ (τ x cos α + τ y sin α) and H ±2,±3,··· = 0. When D = 0, the Floquet bands are given by E ± (k) + mω. Adjacent Floquet bands cross at the resonance surface (Fig.2a) Floquet chiral modes.-Eq.(4) implies that suitable spatial modulations of the driving H d (with H 0 unchanged) can generate Floquet chiral modes. To this end, we take in Eq.(8) α = nθ (n is a nonzero integer; θ is the polar angle), thus
creating a Floquet line defect at r = 0 (Fig.1a) . Taking the previous physical interpretation of the model, these defects can be generated by cylindrical vector beams of laser [84] , in which the spatial modulation in polarization takes exactly the desired form. We calculated the quasienergy bands for a sample with open-boundary in the x-y directions, with a defect at the center. In the calculation, H 0 (k) is Fourier-transformed to the real space (H d contains θ but not k, thus it is already a realspace expression). For n = 1, the quasienergy bands is shown in Fig.3a , in which two in-gap chiral modes with degenerate quasienergy are found (the inessential twofold degeneracy can be lifted by breaking crystal symmetries). The wavefunction profiles indicate that they are sharply localized around the line defect at r = 0 (Fig.3b) .
For the n = 2 defect, we find four chiral modes (two thick blue curves in Fig.3c , each being doubly degenerate) propagating in the same direction as in n = 1. In addition to these chiral modes, there are several trivial non-chiral defect modes, which are shown in dashed curves. The profiles of the four chiral modes are shown in Fig.3d and Fig.3e . Summarizing the results for n = 1, 2 and other n's we calculated, the number of chiral modes in the ω/2 bulk gap is
where the ± sign stands for ±z direction of propagation. The factor "2" here is somewhat unexpected. Recall that when Dirac fermions are coupled to a complex-valued scalar field [66, 67, 85] , which serves as a Dirac mass, chiral-mode number of a line defect equals the winding number of complex scalar field, without factor of 2. Our Floquet model differs in that the resonance surface is two-dimensional, thus the defect here belongs to a novel class, to which our intuition from gapping out zero-dimensional Dirac points is inapplicable. Eq.(12) can be predicted by the topological invariant Eq.(4). The calculation of W(ω/2) simplifies significantly in the small D regime. It is sufficient to focus on this regime because W, as an integer by definition, is insensitive to the value of D, moreover, D is indeed small in current experimental setups [86] . When D ≪ 1, H d (t)'s contribution to the integral in Eq. (4) is negligible in most region of the (k, θ, t) space, except in small neighborhoods of singular points, where of
which is valid for any choice of unitary matrix R(t). Motivated by the rotating-wave approximation [43, 87] , we take
which is accurate to the leading order of D.
The subscript "R" indicates its close relation to the rotating-wave approximiation [43, 87] . 
which precisely matches the number of modes, Eq.(12). By the same calculation, we can also obtain that W(−ω/2) = −2n, therefore, the second Chern number C 2 (−ω/2, ω/2) = W(ω/2) − W(−ω/2) = 0. Thus the Floquet chiral modes in our model have no static analogue, i.e. they are anomalous in the terminology of Ref. [50, 64, 65] . In static cases, the chiral-mode number is the sum of all the second Chern numbers of occupied bands [74] , consequently, chiral mode is absent when every Chern number vanishes.
For completeness, we plot the topological invariant as a function of ω (Fig.4) . The number of chiral modes is consistent with its prediction [82] . The topological invariant is not definable for ω < 4.0, because the quasienergy gap closes around k z = π, which is due to the invasion of the m = −1 and m = 2 Floquet bands into the ω/2 gap. Nevertheless, the chiral modes near k z = 0 persist[82], for the reason that the chiral modes at ω/2 come from the m = 0 and m = 1 bands. Without the protection of bulk quasienergy gap, the chiral modes of ω < 4.0 can leak into the bulk sample.
Experimental estimations.-For a typical Dirac semimetal, we estimated that the needed laser frequency is in the visible light regime [82] . The penetration depth of laser into the sample is estimated to be several hundreds of unit cells [82] . If a film with such thickness is grown, suitable lasers can generate Floquet chiral channels bridging the top and bottom surfaces, which can be measured in transport.
Conclusions.-We investigated the possibility of creating chiral modes in 3D materials without static topological defect, by exerting a periodic driving with spatial modulation. We demonstrated it in a concrete model system, moreover, we defined a precise topological invariant, which has the novel feature of combining three classes of variables: momentum, space, and time. Hopefully this work will stimulate further investigations into Floquet topological defects.
Experimentally, this proposal may be realized in Dirac semimetals with appropriate light-matter interaction, as discussed above. If realized, the optically-controllable chiral channels may be useful in future high-speed electronics. Our proposal may also be realized in shaking optical lattices [89] [90] [91] [92] [93] [94] [95] with suitable spatial modulation, and phononic (or acoustic) systems [96] [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] [107] [108] , where the mechanical driving can be made as vortex-shaped by design. One of the tests of the validity of the topological invariant W(ε) is that, in the static limit, W(ε) should reduce to the static topological invariant. We will show in this limit that W(ε) does reduce to the second Chern number, which is known to be the correct topological invariant for static line defects.
For the sake of simplicity, we carry out the calculation for flat-band models. ( Non-flat bands can always be smoothly deformed to flat-bands, without changing the topological invariant ). Let E 1 be the energy level of the valence bands (occupied bands), and E 2 be the energy level of the conduction band (empty bands). The flat-band static Hamiltonian can be written as
where E 1 < E 2 are two constants with the dimension of energy, and P(k) = n∈occ |k, θ, n k, θ, n| is the occupied-bands projection operator, {|k, θ, n } being an orthonormal basis of the occupied bands. The projection operators apparently satisfy P 2 (k, θ) = P(k, θ) and (1 − P(k, θ)) 2 = 1 − P(k, θ). Since we are considering the static limit, i.e. no driving, we can freely choose the driving frequency ω in the calculation of topological invariant W(ε). (Adding a zero-amplitude driving with an arbitrary frequency amounts to doing nothing.) Hereafter we define ω = E 2 − E 1 , more specifically, E 1 = −ω and E 2 = 0. The advantage of this choice is that U(k, θ, T ) = 1.
In this static limit, the evolution operator becomes:
and its inverse is
For notational simplicity, hereafter we introduce k 1,2,3 = k x,y,z , k 4 = θ, and ∂ i = ∂/∂k i (Remark: 4D Floquet topological insulators can also be described by W(ε) if k 4 is regarded as a momentum variable instead of the polar angle θ). By straightforward calculations, we have
where we have defined
Because the effective Hamiltonian H eff ε = 0 for the flat-band models, we have U ε (k, t) = U(k, t). Now the topological invariant can be simplified to (for any energy ε other than multiples of ω)
Tr[ǫ i jkl P(uP∂ i P + v∂ i P)(uP∂ j P + v∂ j P)
To simplify this expression, we notice that
then Eq.(23) can be reduced to
The two terms here are in fact proportional. Indeed, by an integration by parts, we have
where we have used the identity P(∂ i P)P = 0 to get the last line. With Eq.(26) as an input, Eq.(25) becomes
The next step is to integrate out t. By straightforward calculation, we can see that
thus we finally have
in which the ω prefactor in Eq.(27) has been neatly canceled by the 1/ω factor in Eq. (28). This is the second Chern number of all the occupied bands, expressed in terms of the projection operator, of a time-independent Hamiltonian [75] (But remember that k 4 = θ here). Therefore, the topological invariant W(ε) reduces to the second Chern number in the static limit. Thus the static topological invariant is recovered as a special case (when the driving vanishes) of W(ε).
II. PROOF OF W(ε
First of all, from the definition of U ε , we can see that (see also Refs. [50, 51] )
thus we can defineŪ ε,ε ′ (k, θ, t) = exp(iωtP ε,ε ′ ), and Eq.(30) tells us that
where W(Ū ε,ε ′ ) is defined as replacing U ε byŪ ε,ε ′ in the definition of W. An equivalent expression forŪ ε,ε ′ is
which takes the same form as Eq. (18), therefore, the same calculations as the previous section lead to
which finishes the proof of W(ε
where we have kept implicit the (k, θ) arguments at this stage for notational simplicity. Making use of
where "≈" becomes "=" in the τ → 0 limit, we obtain
We take
where I stands for the identity matrix. This choice of R(t) is essentially the rotating-wave approximation [43] . We can also notice that R(T ) = R(0) = I. Now we have
, and "· · · " in the parentheses stands for terms proportional to exp(±iωt). To the leading order of D, we have term. Therefore, to the leading order of D, we have
near the resonance surface. We can see that
∂D | D=0 diverges at the resonance surface d(k) = ω/2, which means that an infinitesimal D has non-negligible contribution to the integral in the definition of W ω/2 (Eq.4 in the main article). It follows that the integral receives contribution mainly from the neighborhood of the resonance surface when D ≪ 1.
The topological invariant W(ω/2) is defined in terms of U ω/2 (t), which is given by
There is a simple trick to avoid coping with U(t) in this formula. We consider the difference between the topological invariant W(ω/2) for two values of n, denoted as n 1 and n 2 . For clarity, they are denoted as W(ω/2, n 1 ) and W(ω/2, n 2 ). The trick is to calculate W(ω/2, n 1 ) − W(ω/2, n 2 ), which is given by the integration in Eq. (4), with U ε replaced by
ω/2 (t, n 2 ) (Hereafter, this integral is denoted as
. In fact, we have (63) due to the additive property of the winding number. Taking n 1 = n, n 2 = 0 leads to
where we have used the apparent fact that W(ω/2, 0) = 0 (when U is independent of θ, W must vanish). The trick is useful because the calculation of
The above simplification of eliminating U(t) occurs because U −1
(t, 0)U(t, n) ≈ I (identity matrix) when D ≪ 1. Now the calculation of W[U −1 ω/2 (t, 0)U ω/2 (t, n)] is simplified to be mathematically equivalent to the case of static Hamiltonian. By a straightforward calculation that is essentially the same as Sec.I in this Supplemental Material, we have
where P ≡d
. By a calculation similar to that in Ref. [75] , it can be simplified to 
where µ, ν, ρ, σ, τ = 1, 2, 3, 4, 5. This topological quantity measures the number of times that the unit vectord R = d R /d R covers the 4D unit sphere as (k x , k y , k z , θ) vary.
The explicit formulas for all components of d R are
More explicitly, we have
Inserting these expressions into Eq.(67) and doing a numerical integration, we find that the numerical results (Fig.5) clearly fit 
VI. THE QUASIENERGY BANDS AND FLOQUET CHIRAL MODES FOR SEVERAL OTHER FREQUENCIES
In the main article, we have plot the topological invariant W(ω/2) as a function of ω (see Fig.4 in the main article). For ω = 8.0 and ω = 11.0, we have W(ω/2) = 4 and W(ω/2) = −2 for the n = 1 Floquet defect, respectively.
Here, we show the quasienergy bands for ω = 8.0 and ω = 11.0 (Fig.6) . We can see that the number of the chiral modes and the propagating direction of the modes are consistent with the prediction of topological invariant. We notice that for ω = 8.0, there are two chiral modes around k z = 0, and two around k z = π; for ω = 11.0, there are two chiral modes around k z = π (remember the double degeneracy of each band). The topological invariant determines the total number of chiral modes.
For ω = 3.5, there is no quasienergy gap at ω/2, thus the topological invariant cannot be defined. Nevertheless, chiral modes persist, as shown in Fig.7 . Without the protection of the bulk quasienergy gap, these modes can leak into the bulk. 
VII. EXPERIMENTAL ESTIMATIONS
Taking a typical Dirac semimetal metal Cd 3 As 2 as an example, we will estimate the suitable frequency (ω) of the laser, and the penetration depth (δ) of a laser into the sample.
The penetration depth δ(ω) of lasers into the Dirac semimetals can be obtained by the formula [116] 
where n(ω) is the refraction index of the materials, ǫ 0 the permittivity of vacuum, c the speed of light in vacuum, and Reσ(ω) is the real part of optical conductivity (isotropy is assumed for simplicity). In the zero temperature and clean limit (without impurity scattering), under the neutrality condition (the chemical potential is located at the Weyl point), Reσ(ω) of a single Weyl cone takes the simple form of [117, 118] Reσ(ω) = e 2 24π v F ω.
A Dirac cone consists of two Weyl cones of opposite chirality, thus a factor of 2 should be included for a Dirac cone:
In the following, we take the experimentally-confirmed Dirac semimetal Cd 3 As 2 as a concrete example to estimate the penetration depth. In experiments, it was found that Cd 3 As 2 possesses a pair of Dirac cones near the Γ point [119] . Thus, if the anisotropy of the Dirac cones is neglected, the real part of the optical conductivity of Cd 3 As 2 is approximately given by
where the factor 2 counts the number of Dirac cones. In the isotropy approximation, we take the Fermi velocity v F as the average value in three directions, which is [119] v 
where λ = 2πc/ω is the wavelength of the light. To estimate n(ω) and λ, we need an estimation of the bandwidth of the Dirac semimetal. As a crude estimation using linear dispersion, the bandwidth is given by
where a is the lattice constant. For Cd 3 As 2 , the lattice constant between nearest-neighbour sites in the natural cleavage plane is 4.6 Å [119] , which leads to 
In the main article, the bandwidth of our lattice model is 12.0 in dimensionless form, while the frequency is taken to be 4.2.
If we replace the bandwidth 12.0 by E bw = 7.33eV, then the angular frequency is ω = 4.2 12 × 7.33eV ≈ 2.57eV,
which is in the visible light regime. In experiments, many available lasers are in this regime, e.g., He-Cd laser (441.6 nm), Ar laser (488 nm). At these wavelengthes, it has been experimentally found that n(ω) ≃ 5.2 [120] . Therefore, the penetration depth is approximately given by δ(ω) ≈ 0.089 × 5.2 × 484nm ≈ 224nm ≈ 487a. (81) Finally, we remark that Cd 3 As 2 has been taken just for an order of magnitude estimation of penetration depth in Dirac semimetals. To provide the preferred forms of light-matter interaction discussed in the main article, other Dirac semimetals (such as magnetic Dirac semimetals) are likely to be candidates.
